It is shown that the standard effective field theory of non-relativistic superfluids, which includes only the leading order action in derivative expansion, is in general inadequate for studying supersonic processes. Namely, for a proper treatment of the latter the phonons with momenta greater than mc s are relevant at times (with m being the mass of the superfluid constituent and c s denoting the sound-speed), which lie beyond the regime of validity of the naive effective theory mentioned above. This is demonstrated on a concrete example by recovering the known expression for the friction force as a process of radiating phonons by a supersonic perturber. In particular, when the impurity is heavier than superfluid constituents, it is indeed necessary to extend the non-relativistic effective theory of superfluids to include high-derivative corrections. For the light perturber, however, there is a window of velocities for which high-derivative corrections are irrelevant.
Introduction
Much attention has been devoted to understanding the effective field theory formalism for superfluid phonons and its employment for studying various phenomena relevant for cosmology and astrophysics [1] [2] [3] [4] [5] . Besides it being an interesting substance with interesting properties on its own, that can be manufactured in laboratories from known particles, superfluids have been theorised to be potentially relevant even in dark matter context. In particular, in some scenarios dark matter may undergo superfluid phase-transition cosmologically and/or in localised structure [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In some other cases, the superfluid He has been proposed as a target material for dark matter detection [16] [17] [18] [19] . The effective field theory of superfluids is a central tool for some of these considerations.
The goal of this letter is to explore the limitations of the widely discussed effective field theory, which is usually terminated at the leading order in derivative expansion (so-called P (X) theory). We demonstrate the frequently overlooked point (within cosmology literature) regarding supersonic processes; namely, that such processes may lie beyond the sound-wave regime and the extension of the effective theory to include high-derivative corrections is warranted. The same point has been recently shown to apply to the case of gravity-mediated drag force [15] . The proper calculation of the superfluid friction force has been previously carried out in [20] by solving the Gross-Pitaevskii equation in the presence of the impurity.
Theory and background
We consider a self-interacting massive complex scalar field Φ, which can form a superfluid upon condensation. In addition, we consider a real scalar field χ, which will play the role of an impurity. The Lagrangian density we focus on, which has these properties, is given by
For the stability of the homogeneous condensate we need λ > 0 corresponding to the repulsive self-interactions, which we will be assuming throughout the paper. This is the simplest theory for the top-down analysis of superfluidity, and that is precisely the reason we are focusing on it.
The classical background corresponding to the condensate of interacting Φ's is given by
It is straightforward to show that this solves the equations of motion following from (2.1). The particle number density in the condensate, defined as the U (1) charge density, corresponding to (2.2) reduces to n = 2µv 2 .
In quantum mechanical description, the classical configuration given by (2. 2) corresponds to the degenerate state of large number of Φ particles in zero momentum state, while the occupation number of χ particles vanishes. Notice that if condensate constituents were non-interacting (λ = 0), then the background would have been Φ = ve imt and correspond to ideal BEC. As it is well known, and as we are about to see, the presence of self-interactions is vital for the condensate to exhibit superfluidity.
The condensate state (2.2) spontaneously breaks a diagonal combination of the time-translation and U (1) symmetry, consequently we expect a Nambu-Goldstone boson in the spectrum. In fact, it is straightforward to show that out of two degrees of freedom, residing in Φ, one is heavy with mass 2m, assuming λv 2 m 2 , and the other is massless. At low energies the massive mode becomes nondynamical and the effective theory of the massless degree of freedom can be obtained by integrating out the heavy mode. Moreover, the mass of χ gets shifted in the presence of the condensate and becomes m 2 χ = M 2 + gv 2 . For simplicity we will work in the approximation m χ ≈ M √ gv.
Mean-field description of superfluidity
To study perturbations around the fixed classical background (2.2), let us parametrise fluctuations in the usual fashion
As pointed out, we expect only one massless excitation, commonly referred to as 'phonon'. In order to derive the effective field theory for this one massless degree of freedom and its interactions with χ field, we substitute (3.1) into (2.1) and take the non-relativistic limit; resulting in
with the kinetic and mass terms for χ being implicit. Here, the non-relativistic limit corresponding to ∂ m, together with λv 2 m 2 which is equivalent to having a subsonic sound-speed for phonons. As can be easily seen from (3.2), the field ρ is non-dynamical, i.e. its equations of motion do not involve its time derivatives. Therefore it can be integrated out, see the appendix for the derivation of the effective theory of phonons. In order to find the dispersion relation of a superfluid phonon -the single dynamical degree of freedom in Φ-sector at low energies -one can linearise (3.2) and analyse the characteristic determinant to find
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The first term in the above-given dispersion relation corresponds to the sound wave; while the second term corresponds to the propagation of the massive particle. In other words, small-momentum phonons propagate like waves with speed c s , while the energy cost for producing phonons with high-momenta -for which the second term of (3.3) dominates -is the kinetic energy for a massive particle.
The effective theory for a phonon can be obtained by integrating out ρ-field from (3.2). As a result we will get high-spatial-derivative theory for π, giving rise to the dispersion relation given by (3.3) . However, for the clarity of our little demonstration let us begin the discussion with the phonon theory at low momenta. In particular, let us derive the effective theory of phonons for k mc s , i.e. for momenta for which the first term in (3.3) dominates. In other words, we would like to derive effective theory of phonons in the leading order in derivative expansion. For this, we ignore the gradient term for ρ-field which results in the Lagrangian where ρ enters algebraically. After integrating it out we arrive at the following Lagrangian describing the phonon dynamics
Here, we do not write the kinetic term for χ explicitly, but it is implied. This Lagrangian describes phonon dynamics to the leading order in derivative expansion for a special superfluid whose pressure originates from the repulsive 4-point contact interaction; and is a representative of the class of effective theories for generic superfluids [1] [2] [3] (supplemented with an additional spectator field χ). Notice the emergence of the effective 4-point interaction for χ with the coupling strength given by g 2 /λ. Obviously, the validity of the perturbative description demands this effective coupling to be small. In other words, the point to emphasize here is that (3.4) breaks down in λ → 0 limit and the inclusion of high-derivative interactions is mandatory, see [21] .
The relevant part of the Lagrangian for computing the energy dissipation rate for moving χparticle can be obtained from (3.4) straightforwardly; after canonical normalisation π → π √ λ/2m, reducing to
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where ellipses indicate interaction terms nonlinear in the phonon field. Neglecting multi-phonon processes corresponds to working within linear response approximation, which is the limit the calculation of [20] was done for.
As we see, in the approximation at hand, the dispersion relation of π is given by
Using this, it is easy to show that the dissipation process is kinematically prohibited unless the motion of the χ-particle is supersonic. Assuming that this condition is satisfied, it is straightforward to compute the energy dissipation rate. However, we are about to show that the approximation (3.5) is in general inadequate for obtaining the correct dissipation rate. 1 The rate of the process χ → χ + π can be computed using 2
with, the on-shell amplitude A ∝ gv| p f π |/m following from (3.5). The energy dissipation rate can be obtained from the differential interaction rate aṡ
Here, ω k is the energy dissipated in a single phonon radiation event, E(t) is the energy of the impurity as a function of time and dot denotes the time derivative, as usual.
Parameterising the initial momentum of χ as p in χ = M + M V 2 2 , M V , the momentum of the outgoing phonon as p f π = ω k , k and integrating over the final χ-momentum, we arrive at
where, as we have already pointed out, the description of phonons as sound waves breaks down at k max = 2mc s . Another interesting observation concerns the delta-function; in particular, because of it only k < 2M (V − c s ) momenta contribute to the integral. As a result, we find ourselves in an interesting position. If k max > 2M (V − c s ) (which would imply that the perturber is lighter than the constituent of the superfluid, or that V is extremely close to the sound speed), then we didn't have to be careful about the range of validity of the sound wave description. Because, we would have simply terminated the integration at k = 2M (V − c s ) to obtain
This is interesting only for m M , otherwise there is not much of a velocity range for which the result is applicable. However phenomenologically limited the application, this result should capture the full energy dissipation since we didn't terminate integration by hand, it was terminated by the energy-momentum conserving delta-function well within the validity of sound wave approximation.
Now let us switch to the opposite situation, namely
This inequality is especially natural for M > m. In this case, if we were sloppy about the validity of the approximation at hand, we would have integrated (3.9) beyond 2mc s and up to 2M (V − c s ).
This would result into (3.10) even for heavy impurity, which would be wrong as we are about to see. In order to be consistent we should only integrate at most up to k max = 2mc s , resulting in
This result captures energy dissipation in phonons with momenta up to k max , which is imposed by hand in some sense. In reality the phonons with higher momenta could be also radiated, however for them we'd have different dispersion relation, i.e. ω k = c s k. Therefore, the full dissipation rate will be higher than the one given by (3.12 ). Next, we will compute the dissipation rate using the more complete dispersion relation given by (3.3) .
In order to proceed, we need the higher-derivative version of (3.5). Fortunately, it is easily obtainable from (3.2). Following the main theme of this letter, we are interested in the quadratic phonon action and the vertex responsible for the process χ → χ + π. The relevant phonon Lagrangian, see the appendix for the derivation, is given by
We can see from (3.13) , that the inclusion of the higher-spatial-derivative terms gives phonons the dispersion relation (3.3). As for the amplitude of radiating phonons by the moving impurity χ, we get
Here, in the last step we took into account that the radiated phonon is on-shell and made use of the explicit form of the dispersion relation (3.3). It must be emphasised that this on-shell amplitude is identical to the one of (3.5), implying the irrelevance of the high-derivative corrections to this particular on-shell vertex. However, as it can be seen from the appendix, this merely a coincidence for some of the vertices and even the vertex responsible for radiating double-phonon has nontrivial high derivative corrections.
Following the adopted procedure, we compute the energy dissipation rate as
with ω k denoting the energy of the on-shell phonon with momentum k. Here k max denotes the momentum cut-off up to which the dispersion relation (3.3) is valid. And, since it has been obtained in the non-relativistic limit k m, ultimately it must be cut-off at m. However, we will see that because of the delta-function only k < m momenta are contributing to the integral and consequently, there is no need to impose a cut-off by hand. In other words, non-relativistic perturber is incapable of exciting a single relativistic phonon with k > m.
The integration in (3.15) can be easily performed, resulting in
with k * defined by
In other word, k * is a maximum momentum for which cos θ ≤ 1 and therefore the delta function gives non-vanishing result in (3.15) . It is easy to verify that k * < m, which is the reason why we have terminated the integral appropriately. The solution to (3.17) is given by
One can straightforwardly show that k * is non-negative independently of the hierarchy between M and m. The final expression for the dissipation rate simplifies in large-M limit. In particular, in the leading order in M −1 we get the following expression for the force
Notice that the friction vanishes smoothly for velocities approaching the sound speed, as expected.
Important point to note is that the dissipation rates computed using the sound-wave dispersion relation, i.e. (3.10) and (3.12), significantly deviate from the correct expression (3.19) . Also, as a sanity check, we can easily see that (3.19) reproduces the expression for friction in case of non-self-interacting BEC in the limit c s → 0. Therefore, in the limit V c s the interaction between constituents becomes irrelevant.
Let us conclude by commenting that, although we have done the calculation for a simplest possible superfluid imaginable, one should expect our statement regarding the limitations of the standard EFT for supersonic processes to apply generically, since in general the spectrum can be even richer for momenta k > mc s .
The starting point is the non-relativistic Lagrangian for superfluid degrees of freedom (3.2), which we quote here for convenience
In the standard derivation, the gradient term for ρ is dropped followed by integrating it out from the resulting Lagrangian which becomes its algebraic function. Here, instead we retain the said gradient term and proceed with integration. The presence of the gradient term makes the procedure more involved, as we need to carry out integration order by order. Unlike the leading order phonon action, we are led to the cumbersome effective theory in the current case. Because of this, we will go after the phonon effective theory up to quartic terms. For this we need to solve for ρ, using its equation of motion, in terms of other fields up to quadratic order (higher order contributions to ρ are irrelevant). Performing the integration, the expression of ρ in terms of other fields reduces to
After substituting this back in (A-I), we get an effective theory describing the propagation and interaction of a phonon with itself and with field χ. The Lagrangian consists of the following terms:
We have the quadratic phonon action
The cubic interaction terms, both self-and with χ, reducing to
These vertices are, for the most part, sufficient to argue the main points of this work. However, for the reference, we also quote the quartic interaction terms
To use these relations for calculating the phonon scattering rates, it is better to canonically normalise the phonon by rescaling it as
so that standard Feynman rules apply.
We would like to stressing one important point. In the limit λ → 0, corresponding to c s → 0, there seem to be some leftover phonon self-interactions. This may give us a pause, since in this limit phonons simply correspond to free mobile massive particles. However, it can be shown that all these interactions are spurious, as they give vanishing on-shell scattering amplitudes.
We could use expressions of this appendix, to ask what happens when the χ-perturber is replaced by Φ. In other words, if this were the Helium superfluid then we could study the motion of a Helium atom. Once the perturber enters the superfluid, we need to revisit its nature. In the mean-field approximation, the energy-momentum of the perturber will be propagating in the form of a phonon. So the dissipation process will involve the splitting of the phonon into two phonons.
The amplitude for the relevant process (π( k 1 ) → π( k 2 ) + π( k 3 )) can be readily obtained from the interaction terms we have found, and is given by 3
The rate of this process can be computed as
For the purposes of demonstration we give the limiting expressions in high and low momentum limits. It is easy to show that for high momenta we get |A π | 2 ω k 1 ω k 2 ω k 3 k 2mcs ∝ λ 2 n m 4 , (A-IV) while for low momenta, we arrive at |A π | 2 ω k 1 ω k 2 ω k 3 k 2mcs ∝ λ 2 n m 4
Once again, exhibiting the change in behaviour depending on how momentum transfer compares to mc s
